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§ ■ Abstract 

^ I We construct soliton solutions for non-abelian loop Toda equations associated 

Ph. with general linear groups. Here we consider the untwisted case only and use 

jjy \ the rational dressing method based upon appropriate block-matrix representation 

^ \ suggested by the initial Z-gradation. 

(N ; 

S 1 Introduction 

Ph. 

^ . The Toda systems HI 121 HI associated with loop groups possess features attractive from 
! both mathematical and physical perspectives. The fact that they have the so-called 

S \ soliton solutions is certainly among such interesting properties. Here, by an N-soliton 
\ solution we simply mean a solution depending on N linear combinations of indepen- 

^ ■ dent variables. In particular, the investigation of soliton solutions imply developing 

■ methods of solving nonlinear partial differential equations and besides, also modeling 
! various nonlinear phenomena in particle physics and field theory, see, for example, 

^ \ the paper IIH and references therein. 

^ \ There are various approaches to constructing soliton solutions for loop Toda sys- 

O ' tems. The best known and elaborated among them are, probably, the rational dressing 
^ ■ formalism L5,.^, that is a version of the inverse scattering method, and the Hirota's ap- 
• • ! proach HZHHHH [TOl [HI [12 based on an appropriate change of the field variables. Also 
. ^ \ certain combinations of these two methods prove to be quite efficient in the purpose 
^ \ of finding soliton solutions of Toda equations |141,|13||. Besides, it is worth while men- 

■ tioning generalizations of the Leznov-Saveliev | fT4irT5i rr6| and the Backlund-Darboux 
| [T7l[T8l[T9l[20l[2T| methods that were employed at Toda systems. 

In a recent paper ||22||> we have carried out a comparative analysis of the Hirota's 
and rational dressing methods in application to abelian Toda systems associated with 
the untwisted loop groups of complex general linear groups and, in particular, explic- 
itly reproduced the corresponding multi-soliton solutions. Further, in the subsequent 
paper ||23|[, we have constructed soliton solutions for abelian twisted loop Toda sys- 
tems. And now, we are going to investigate the non-abelian loop Toda equations be- 
ing a direct generalization of the systems considered in [22 J. Here we work within the 
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rational dressing formalism based upon appropriate block-matrix representation. The 
latter is naturally suggested by the Z-gradation under consideration and turns out to 
be most suitable to the non-abelian Toda systems. 

Inasmuch as the abelian soliton solutions allow for such a physical interpretation 
as of interacting extended particle-like objects, so their non-abelian generalizations 
should be very interesting as such objects having additionally certain internal struc- 
tures. And since this physical interpretation promises a good basis for a consistent 
modeling of various nonlinear phenomena, the mathematical part consisting in devel- 
oping the corresponding integration methods and constructing explicit soliton solu- 
tions becomes crucial. 

Note finally that since the pioneering paper [6l where simplest non-abelian loop 
Toda equations were presented, certain efforts have been made to solve them by means 
of various methods. Thus, in [24] the notion of quasi-determinants was exploited for 
the purpose, see also [25]; in [26J a simplest matrix generalization of the sine-Gordon 
equation was treated by the rational dressing methodQ An approach based on the 
dressing (gauge) transformation method was developed in a series of papers |28l 
12911301 for a simplest case of non-abelian affine Toda systems where a specific gradation 
leads to a minimal extension of the abelian counterpart, and then the vertex operator 
method was also used there in order to construct some soliton solutions. 



2 Formulation of loop Toda equations 

The formulation of Toda systems, in a way most appropriate to our purposes, is based 
on their simple differential-geometry and group-algebraic background, and here we 
generally follow the monographs |[Tl|2l and the papers | 3ni32ll33| . 

Let the trivial fiber bundle 'Mp- x Q ^ M^, with the structure Lie group Q and its 
Lie algebra 0, be given. We identify a connection in this fiber bundle with a (!5-valued 
1-form O on and decompose it over basis 1-forms, 

O = O-dz- + 0+dz+, 

where z~, z"*" are the standard coordinates on the base manifold M^, and the compo- 
nents 0-, Oj^ are (25-valued functions on it. We assume that the connection O is flat, 
and it means that its curvature is zero. Then, in terms of the components, we have 

d-0+-d+0- + [0-,0+]=Q, (2.1) 

where we use the notation 9_ = 9/9z~ and 9+ = 9/9z+. One can consider this rela- 
tion as a system of partial differential equations. The general solution of this system is 
well known, 

where is an arbitrary mapping of to ^. Actually, the zero-curvature condition as 
a system of partial differential equations is trivial due to the gauge invariance. Indeed, 
if a connection O satisfies (|2.1|) , then for an arbitrary mapping Y of to Q the gauge- 



transformed connection 



^ Y'^OY + Y-'^dY, (2.2) 



^However, it is not quite clear how the soliton solutions of Il26l were obtained without averaging 
over the action of the corresponding automorphism group, which is one of the principal ingredients of 
the rational dressing procedure. 
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satisfies (|2.1|) as well. 

To obtain nontrivial integrable systems out of the zero-curvature condition we im- 
pose on the connection O some restrictions which destroy the gauge invariance. To 
come specifically to Toda systems, we should use certain grading and gauge-fixing 
conditions. 

Suppose that is endowed with a Z-gradation, 

fcez 

and L is such a positive integer that the grading subspaces ^rid (J5_fc, where Q <k < 
L, are trivial. The grading condition states that the components of O have the form 

O- = O-o + O.L, C+ = 0+0 + C+L, (2.3) 

where O-q and 0+o take values in <5q, while O-i and 0+l take values in (25_l and 
(S+L respectively. There is a residual gauge invariance. Indeed, the gauge transforma- 
tion (|2.2|) with T taking values in the connected Lie subgroup Qq corresponding to the 
subalgebra <5q does not violate the grading condition (|2.3|) . Therefore, we additionally 
impose a gauge-fixing condition of the form 

C+0 = 0. 

Now the components of the connection O can be represented as 

O- = E-^d-E + 0+ = E-^T^E, (2.4) 

where S is a mapping of to Qq, J-- and J-^ are some mappings of M'^ to and 
(S+L- One can easily see that the zero-curvature condition is equivalent to the equalityll 

a+(s-ia_s) = [^_,s-i^+s] (2.5) 

and the relations 

a+j^^_ = 0, a_j^+ = 0. (2.6) 

We suppose that the mappings and are fixed and consider (|2.5|) as an equation 
for S called the Toda equation. When the group Qq is abelian the corresponding Toda 
equations are called abelian. In other cases we have non-abelian Toda systems. 

Thus, a Toda equation associated with a Lie group Q is specified by a choice of a 
Z-gradation of the Lie algebra 6 of ^ and mappings satisfying the conditions 

(|2.6[) . To classify the Toda equations associated with a Lie group Q one should classify 
the Z-gradations of the Lie algebra of ^. 

We consider the case where ^ is a loop group of a finite-dimensional Lie group, 
m(G), where a is an automorphism of G of order M. The corresponding Lie algebra 
is thus the loop Lie algebra Ham^^' where g is the Lie algebra of the Lie group G, 
with A being the respective automorphism of of order M. This is a subalgebra of the 
loop Lie algebra >C(0) formed by elements ^ satisfying the equality 

lieus) = A(^(s)), 



■^We assume for simplicity that ^ is a subgroup of the group formed by invertible elements of some 
unital associative algebra A. In this case 6 can be considered as a subalgebra of the Lie algebra associ- 
ated with A. Our consideration can be generalized to the case of an arbitrary Lie group Q. 
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where Cm = e^^^^^ is the Mth principal root of unity and s G S^. Similarly, the 
loop group £fl^M(G) is defined as the subgroup of the loop group JC{G) formed by the 
elements x satisfying the equality 

For a consistent description of these objects given in a way most suitable for the matter 
of loop Toda equations we refer to ||3ni32ll33l . To have a wider list of publications on 
such systems see also p4ll35ll36ll37| and references therein. 

To specify the Toda equations associated with the loop group jCa,Mi^) ^^^^^ note 
that the group £q^m(G) and its Lie algebra jCa,m{q) infinite-dimensional manifolds. 
However, using the so-called exponential law 13811391 , that can generally be expressed 
by the canonical identification 

C~(A^,C~(Ar,7^)) =C'^{MxAf,V), 

where Ai, M , V are finite-dimensional manifolds and H is besides compact, we re- 
formulate the zero-curvature representation of the Toda equations associated with 
>Cfl in terms of finite-dimensional manifolds. 

In the case under consideration the connection components O- and 0+ entering 
the equality (|2.1|) are mappings of to the loop Lie algebra Cam^'^- denote 
the corresponding mappings of x to g by u)- and CjO^, and call them also the 
connection components. The mapping generating the connection is a mapping of 

to La^uiG)- Denoting the corresponding mapping of x by 95 we write 

(p~^d-(p = CO-, (p~^d+(p = C0+. (2.7) 

Seeing that the mapping cp uniquely determines the mapping 0, we say that the map- 
ping cp also generates the connection under consideration. 

We follow the classification of loop Toda systems performed in 113111321 |33l . Impor- 
tant for our purposes here is that the initial Toda equation associated with Ca,M{G) 
is equivalent to a Toda equation associated with ^^/^^/(G) arising when JCA',M'{d) is 
supplied with the standard Z-gradation. 

The grading subspaces for the standard Z-gradation of a loop Lie algebra Ca,m{q) 

are 

where by A we denote the restriction of the standard coordinate on C to S^. It is clear 
that every automorphism A of the Lie algebra g satisfying the relation = idg 
induces a ZM-gradation of g with the grading subspaces 

0[fc]^ = {x G I A{x) = ej^x}, k = 0,...,M-1, 

where by [k] m we denote the element of the ring Z^ corresponding to the integer k. 
Vice versa, any Z^-gradation of g obviously defines an automorphism A of g satisfy- 
ing the relation A^ = idg. In terms of the corresponding Z;vi"gi"adation the grading 
subspaces for the standard Z-gradation of a loop Lie algebra Ca,m{q) are 

^AMie)k = e ^AMis) I ^ = ^ ^ swm}- 

It is evident that for the standard Z-gradation the subalgebra ^(0)0 is isomor- 
phic to the subalgebra Q[o]^ of g, and the Lie group jCa,Mi^)o is isomorphic to the 
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connected Lie subgroup Go of G corresponding to the Lie algebra Sjo]^- Hence, the 
relations (|2.4|) are equivalent to the relations 

co_ = 7-ia_7 + A"^c_, C0+ = A^7"^c+7, (2.8) 

where 7, taken as a smooth mapping of x to G corresponding to the mapping 
S in accordance with the exponential law, is actually a mapping of to Go, and 
respecting the mappings J^- and J^+, the mappings C- and c+ above are mappings of 
to Q-[l]m ^^'^ S+[l]m rcspectively. The Toda equation can subsequently be written 

as 

a+(7-ia„7) = [c_,7-^c+7]- (2.9) 
The conditions (|2.6|) imply that 

d+c- = 0, d-c+ = 0. (2.10) 

We call an equation of the form (|2.9|) also a Toda equation. 
Let us consider the transformations 

j' = fj-^jr]_, (2.11) 
c'_ = f]Z^C-f]-, c'+ = V+^c+i]+, (2.12) 

where rj- and f]+ are some mappings of x to Go that satisfy the conditions 

d+rj- = 0, 9-7+ = 0. 

If a mapping 7 satisfies the Toda equation (|2.9|) , then the mapping 7' satisfies the Toda 
equation (|2.9|) where the mappings c_, c+ are replaced by the mappings c'_ and c'+. If 
the mappings //_ and //+ are such that 

V-^c-f]- = C-, V+^c+r]+ = c+ 



then the transformation (|2.11|) is a symmetry transformation for the Toda equation 
under consideration. 



3 Untwisted loop Toda equations 



The complete classification of Toda equations associated with twisted loop groups of 
complex classical Lie groups, where the corresponding twisted loop Lie algebras are 
endowed with integrable Z-gradations with finite-dimensional grading subspaces, is 
given in the series of papers [ 3Til32ll33|l . We will use these results related to the par- 
ticular case of untwisted loop groups of the complex general linear groups. The Z- 
gradations of the corresponding loop Lie algebras are thus generated by an inner au- 
tomorphism of the initial finite-dimensional complex Lie algebra 0[„(C), 



A(x] 



hxh' 



where x is an arbitrary element of g[„(C), and his a diagonal matrix of the form 



M -""1 



m2j 
-'"2 



'M 



\ 
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where In^ denotes the x unit matrix and M > mi > m2 > . . . > mp > 0. Here 
Ha, a = 1, . . . , p, are positive integers, such that E^^^ = n. According to the block- 
matrix structure of h, it is convenient to represent the element x as a p x p block matrix 
(Xfl,^), where x^^ is an x matrix. 



/ ^11 ^12 
X21 ^22 

y Xp\ Xp2 



X\p 
X2p 



\ 



(3.1) 



Here the inner automorphism a acts on an arbitrary element g of GL„(C) as a(g) 
hgh~^, with the same diagonal matrix h given above. 
The mapping 7 has the block-diagonal form 



7 



v 



FpJ 



For each a = 1, . . . , p the mapping is a mapping of to the Lie group GL„^ (C) . 
The mapping c+ has the following block-matrix structure: 







C+i 




c , 



VC+0 



(3.2) 



/ 



where for each a = 1, . . . , p — 1 the mapping C+a is a mapping of to the space 
of Ha X Ua+i Complex matrices, and C+o is a mapping of to the space of Up x ni 
complex matrices. The mapping C- has a similar block-matrix structure: 





C-i 



c_ 



c_ 





ip-1) y 



(3.3) 



where for each a = 1, . . . , p — 1 the mapping C-^ is a mapping of to the space 
of ria+i X '^a complex matrices, and C_o is a mapping of R^ to the space of ni x Hp 
complex matrices. The conditions (|2.10|) imply 



a+C-a = 0, a_c+a = 0, a = 0,1, ...,p-i. 

It is not difficult to show that the Toda equation (|2.9|) is equivalent to the following 
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system of equations for the mappings Fa: 

d+ [r-'d.r,) = -rfic+ir2C_i + c_or-ic+ori, 

'■■ (3.4) 

9+ \r„_Td-r„_-, I = —^„_-,c,/„_^\^y,c_/„_■,\ + c_,„_r)^^„_r)C,/„_r)^^„ 



'+ \^p-i"-^P-ij - ^p-i^+{p-i)^p^-{p-i)^^-{p-2yp-2^+{p-2yp-i' 

As is shown in p2l l33ll , if for some a we have C-a = or C+a = 0, then the system 
of equations (|3.4|) is equivalent to a system of equations associated with a respective 
finite-dimensional Lie group, or to a set of two such systems. Hence, to deal actually 
with Toda equations associated with a loop group, we assume that all mappings C-a 
and C+a are nontrivial. This is possible only if m^; = {p — oc + 1)L and M = pL. 
Moreover, it appears that in the case under consideration we can assume, without any 
loss of generality, that the positive integer L is equal to 1. 
The Toda equations (|3.4[) can also be written as 

9+(-'V"^9_r^) + r^'^c+a-T^+iC-a - c_(^_i)r^"i\c+(a_i)rfl; = o, (3.5) 

with Fa subject to the periodicity condition Fa+p = Fa. If transformed according to 
(|2.11[) , (|2.12[) , the submatrices entering the Toda equations would look here as follows: 

with the block-diagonal matrices rj± defined by {y]±)ap = 7±a^a^- 

Similarly to the abelian case [22J, it can be shown that the determinant of the map- 
ping 7 can be represented in a f actorized form as 

P 

dety = YldetFa = F+Fl\ 

a=l 

where 

a+r_ = 0, d-F+ = 0. 

Then, setting 

„ _ rl/M7 „ , _ rl/wT 

in (|3.6|) , we can see that it is possible to make the determinant of the transformed 
mapping 7' be equal to 1, 



det7' = n^etr; = 1. 

Therefore, the reduction to the non-abelian Toda systems associated with the loop 
groups of the special linear groups is possible, just as well as it was in the abelian 
case 11221. 
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4 Rational dressing 



We require that for any m G the matrices C- (m) and c+ (m) commute, that is equiv- 
alent to the relations 

- C+c^C-a = 0. (4.1) 

Then it is obvious that 

7 = h, (4.2) 

where In is the n x n unit matrix, is a solution to the Toda equation (|2.9|) . Denote a 
mapping of x to GL„(C) which generates the corresponding connection by cp. 
Using the equalities (|2.7|) and (|2.8|) and remembering that in our case L = 1, we write 

(p~^d-(p = A~^c_, (p~^d^(p = Ac+, 

where the matrices c+ and c_ are defined by the relations (|3.2|), (|3.3|) . 

To construct more interesting solutions to the Toda equations we will look for a 
mapping i/?, such that the mapping 

cp' = (prp (4.3) 

would generate a connection satisfying the grading condition and the gauge-fixing 
constraint w+o = 0- 

For any m G the mapping ipm defined by the equality ipm{s) = i/7(m,s), s G S^, 
is a smooth mapping of to GL„(C). We treat the unit circle as a subset of the 
complex plane which, in turn, is a subset of the Riemann sphere. Assume that it is 
possible to extend analytically each mapping xpm to all of the Riemann sphere. As the 
result we get a mapping of the direct product of and the Riemann sphere to GL„ (C) 
which we also denote by tp. Suppose that for any m G the analytic extension of tpm 
results in a rational mapping regular at the points and oo, hence the name rational 
dressing. Below, for each point s of the Riemann sphere we denote by ips the mapping 
of to GL„(C) defined by the equality ^s{i'n) = xp{m,s). 

We work with the Toda equations described in section |3l It means that the mapping 
xp is generated by a mapping of the Euclidean plane to the loop group Ca,p{GLn{C)) 
with the corresponding inner automorphism of order p. Hence, for any m G and 
s G we should have 

xp{m,eps) = h\p{m.,s)h~^ , (4.4) 
where is a block-diagonal matrix explicitly given by the expression 

ha,^ = el~'^^^ln,5o,^, a, j6 = 1, 2, . . . , p. (4.5) 

The equality (|4.4|) means that two rational mappings coincide on S^, therefore, they 
must coincide on the entire Riemann sphere. 

A mapping, satisfying the equality (|4.4|) , can be constructed by the following pro- 
cedure. Let X be an arbitrary mapping of the direct product of and the Riemann 
sphere to the algebra Mat„(C) of n x n complex matrices. Let a be a linear operator 
acting on x as 

ax{m,s) = hx{m,e~'^s)h~'^. 
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It is easy to get convinced that the mapping 

n 



k=l 



satisfies the relation axp = ip which is equivalent to the equality (|4.4[) . Here we have 



d^x = X- Note that ;t is in fact a mapping to the Lie group GL„(C), but, to justify the 
above averaging relation, we should consider GL„(C) as a subset of Mat„(C). 

To construct a rational mapping satisfying (|4.4|) we start with a rational mapping 
regular at the points and oo and having poles at r different nonzero points fij, i = 
1, . . . , r. Concretely speaking, we consider a mapping x of the form 

where P, are some smooth mappings of to the algebra Mat„ (C) and Xo is a mapping 
of to the Lie subgroup of GL„(C) formed by the elements g G GL„(C) satisfying 
the equality 

hgh-^ = g, (4.6) 

where h is given by the expression (|4.5|) . Actually this subgroup coincides with the 
subgroup Gq. The averaging procedure leads to the mapping 



= M« + E E i—h^Pth-^ ^0, (4.7) 




where xj)Q = pxo- It is convenient to assume that fi^ ^ for all i ^ j. 

Denote by xp~^ the mapping of x to GL„(C) defined by the relation 

j/;-i(m,s) = {^{m,s))~^. 

Suppose that for any fixed m G the mapping {p~^ of to GL„(C) can be extended 
analytically to a mapping of the Riemann sphere to GL„ (C) and as the result we obtain 
a rational mapping of the same structure as the mapping xp, 

with the pole positions satisfying the conditions v, 7^ 0, vf 7^ vj for all i 7^ and 

additionally vf 7^ for any i and We will denote the mapping of the direct product 

of and the Riemann sphere to GL„(C) again hy xp~^. 
By definition, the equality 

ip-^xp = I„ 

is valid at all points of the direct product of and S^. Since xp~^xp is a rational map- 
ping, the above equality is valid at all points of the direct product of and the Rie- 
mann sphere. Hence, the residues of tp~^xp at the points Vj and ^, should be equal to 
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zero. Explicitly we have 

QrU + tt7r^h'Pjh-']=0, (4.9) 

^« + E E ^\ h'QjhA Pt = 0. (4.10) 

We will discuss later how to satisfy these relations, and now let us consider what con- 
nection is generated by the mapping (p' defined by (|4.3|) with the mapping \p possessing 
the prescribed properties. 

Using the representation (|4.3)) , we obtain for the components of the connection gen- 
erated by cp' the expressions 

CO- = \p-^d-\p + A-'^xp-'^C-ij), (4.11) 
CV+ = tp~'^d+il^ + \tp~'^c+il^. (4.12) 

We see that the component co- is a rational mapping which has simple poles at the 
points Hi, Vi and zeroU Similarly, the component a;+ is a rational mapping which has 
simple poles at the points and infinity. We are looking for a connection which 

satisfies the grading and gauge-fixing conditions. The grading condition in our case 
is the requirement that for each point of the component a;_ is rational and has the 
only simple pole at zero, while the component a;+ is rational and has the only simple 
pole at infinity. Hence, we demand that the residues of co- and a;+ at the points }ii 
and Vi should vanish. 

The residues of a;_ and co^^ at the points v, are equal to zero if and only if 

(a_Q, - v-iQ,c_) f I„ + E E -^^h^Pjh-A = 0, (4.13) 

{d+Q,-v,Q,c+) (in + tt ^\ h'Pih-'] =0, (4.14) 

respectively. Similarly, the requirement of vanishing of the residues at the points fij 
gives the relations 

^n + tt ^\ h^QjhA id.P, + ji-h-P,) = 0, (4.15) 

j=ik=\V-^ ^p'^i J 

To obtain the relations (|4.13|l - (|4.16|) we made use of the equalities (|4.9|) , (|4.10|) . 

Suppose that we have succeeded in satisfying the relations (|4.9|) , (|4.10|) and (|4.13|) - 
(|4.16|) . In such a case from the equalities (|4.11|) and (|4.12|) it follows that the connection 
under consideration satisfies the grading condition. 



■'Here and below discussing the holomorphic properties of mappings and functions we assume that 
the point of the space is arbitrary but fixed. 
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It is easy to see from (|4.12|) that 

cv+{m,0) = i/7o"^(m)a+i/7o(m). 

Taking into account that co+Q{m) = co+{m,0), we conclude that the gauge-fixing con- 
straint coj^q = is equivalent to the relation 



(4.17) 



Assuming that this relation is satisfied, we come to a connection satisfying both the 
grading condition and the gauge-fixing condition. 

Recall that if a flat connection co satisfies the grading and gauge-fixing conditions, 
then there exist a mapping 7 from to G and mappings c_ and c+ of to 0_i and 
0+1, respectively, such that the representation (|2.8|) for the components co- and co+ is 
valid. In general, the mappings c_ and C-|- parameterizing the connection components 
may be different from the mappings C- and c+ which determine the mapping cp. Let 
us denote the mappings corresponding to the connection under consideration by 7', 
c'_ and c'_^_. Thus, we have 



(4.18) 
(4.19) 



Note that xpoo is a mapping of to the Lie subgroup of GL„(C) defined by the relation 



(|4.6|l . Recall that this subgroup coincides with Go, and denote xpco by 7. From the 



relation (|4.18|l we obtain the equality 

7 d_7 = 7 d_7. 

The same relation (|4.18|) gives 



% ^C_l/7o = c'_. 



Impose the condition xpo = In, which is consistent with (|4.17|) . Here we have 



Finally, from (|4.19|) we obtain 



7 ^c+7. 



We see that if we impose the condition xpo = In, then the components of the connection 
under consideration have the form given by (|2.8|) where 7 = ipco. 

Thus, to find solutions to Toda equations under consideration, we can use the fol- 
lowing procedure. Fix 2r complex numbers jij and v,. Find matrix-valued functions 
Pi and Qi satisfying the relations (gH), KTO\i and (O^ - dilgll . With the help of KT} . 



(|4.8|) , assuming that 

^0 = In, 

construct the mappings tp and tp~^. Then, the mapping 

1 = 1poo 



(4.20) 



satisfies the Toda equation (|2.9|) 
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Let us return to the relations (|4.9|) , (|4.10[) . It can be shown that, if we suppose 
that the matrices Pi and Q, are of maximum rank, then we get the trivial solution of 
the Toda equation given by (|4.2[) . Hence, we will assume that Pi and Q, are not of 
maximum rank. The simplest case here is given by matrices of rank one which can be 
represented as 



Ui Wi, Qi = Xi ifi 



(4.21) 



where u, w, x and y are n-dimensional column vectors. 

The Z-gradation suggests that it is convenient to consider the n x n matrix-valued 
functions and Qi in the corresponding block-matrix form. According to the repre- 
sentation (|3.1|) , we can write 



{Pi)ll {Pi)l2 



(Prhp \ 
{P^)2p 



\ {Pi)pl {P{)p2 ... {Pi)pv I 



and make similar block-matrix partition for Qi, where the submatrices {Pi)a^ arid 
{Qi)a.^ are complex x matrices. Then, in terms of such block submatrices, the 
relations (|4.21|l take the forms 



iPr)af 



where the standard matrix multiplication of the ria x 1 submatrices a-, x,^ by the 
1 X submatrices 'w,;^, ^y,;^ is implied as respective. We see that, from the point 
of view of the Z-gradation, also the n x 1 matrices w/, Wi, Xi and yi receive a natural 
representation in a block-matrix form, 

% = {^Ui^i ^Ui^2 . . . ^Wi> • • • ^Ui^p) , ^yi = {^yi^i ^yi^2 • • • ^yi,ix • • • V^p) ' 

where Wf « and i/i a/ ^ = 1/ • • • / P/ are complex x 1 matrices. We have similar expres- 
sions also for IV i and Xi. This representation, together with the block-matrix form (|4.5|) 
of h, allows us to write the relations (|4.9|) and (|4.10[) as follows: 



ViCp 



j=i s,^=i Vi - e'p }ij 

^ _fl(',v_ 



+ E E — B — Cyi,sHs) 



0. 



(4.22) 
(4.23) 



Using the identity 



p-i -1^^ 
z — 

a=0 ^ ^P 



zV-\P\v 
' zP -1' 



(4.24) 



where | j6 1 p is the residue of division of fi by p, we can rewrite (|4.22|) in terms of the 
block submatrices. 



V!> + pE(^«)vS> = 0- 

7=1 



(4.25) 
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Here the r x r matrices Ra are defined as 

1 P 



The identity (|4.24|l allows us to write also the submatrix form of (|4.23)) as 



where 



l*-^ip„P-|*-^lp£, 



IX\ 



With the help of the equality 

p — 1— — l|p = 
it is straightforward to demonstrate that 



(4.26) 



and so, (|4.26|) can be written as 



u 



iA - PFi E Xj^^-{Ra+l)ji = 0. 



;=1 



(4.27) 



We use the equations (|4.25|) and (|4.27|) to express the vectors iVi and Xf via the vectors 
Uj and yi, 



w 



l,OL 



V j=i P i=\ ri 



Apart from the summation over the pole indices /, there are the corresponding matrix 
multiplications of the submatrices entering the last two relations. As a result, we come 
to the following solution of the relations (|4.9|) and (|4.10|) : 

{Pi)ali = --Ui,ci YL^^i )ii^yi,^' {Qi)ocp = " E "M 77 (^a+l)/' W" 



Using (|4Zl» and (14.201) , we get 



7=1 



7 = xP^ = In+ZLh''Prh-r 

i=l a=l 

For the submatrices of 7 this gives the expression 
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Hence, in view of the block-diagonal structure of 7, we have 

r 

According to our general convention, we assume that the x 1 matrix-valued func- 
tions Ui^a. and yf^(t are defined for arbitrary integer values of a and 

The periodicity of {Rci)ij actually follows from its definition. 

It appears that it is more convenient to use quasi-periodic quantities ui^o^, yi^p^ and {Roc)ij 
defined by 

cc — — a 

^i,a ~ ^i,a-}^i ' Via ~ ViA^i ' 

For these quantities we have 

~ _ ~ V ~ _ ~ ~v 

^iA+P — ^iA^i ' ViA+P — ViA^i ' 
iRcc+p)ij - vl^{Rcc)ij/j. 

The expression of the matrix elements of the matrices J^^ through the functions ^j. 
and Mj^a has a nicely simplified form 




(4.28) 



In terms of the quasi-periodic quantities, for the matrix-valued functions we have 

^cc = In.-E Ha {Ra^'yjA- (4-29) 

It is useful to have also the explicit expression of the inverse mapping Using the 
relation 

7-'=^P^' = In + tth'Qih-' 

i—l oc=l 

we derive 

= + E ",«(^;ii)f/y;>- (430) 

Using the definition of Ra, we come to the equality 



14 



It is clear that in the case under consideration we do not have any determinant repre- 
sentation specific to the abelian case [|6l|22|], and the last two relations are just helpful 
for verifying the equations of motion by the obtained solutions. 

Further, it follows from K22\ and (l423l) that, to fulfill also (I4l3l) - (l4l6l ), it is suffi- 
cient to satisfy the equations 



d-Ui = 



-1 1 



C-Ui 



(4.31) 
(4.32) 



The general solution to these equations in the case when c_ and c+ are constant is 
formally 



u 



+ 



exp(v. ^^c-z +v/c+z+)i/°, 
fiiC+z~^)u^ 



z ,z^) = exp(— ^. c_z" 



I ' 



where = i/;(0,0) and u^- = w;(0,0). 

Thus we have shown that it is possible to satisfy (|49l) , (|4.10|) and (|4.13|l - (|4-16|) and 
construct in this way a wide class of solutions to the non-abelian loop Toda equations 
(|3.4|) . In what follows we will suppose that C- and c+ represent constant mappings 
and shall make the above formal solution to the equations (|4.31|) , (|4.32|) explicit. 



5 Deriving soliton solutions 

5.1 The eigenvalue problems 

Seeing the formal expressions for u, and y/, we understand that we need to somehow 
handle the exponentials of the matrices C- and c+. To this end, it is customary to 
treat them as matrices of linear operators. Assume that the submatrices entering the 
mappings C- and c+ are of maximum ranks, that is 

rank C-a = min (n^+i, n^), rank C+a = min (n^, n^+i). 



and they respect the commutativity of C- and c+ according to (|4.1|) . Here we consider 
the case where these matrices are such that the corresponding n^+i x and x n^i+i 
submatrices C-u and C+a can be brought to the forms 



In. 



if fia < n^+i, and 



0) 

In 







if < flu, respectively, by implementing the transformations (|2.12|) , or the same 

in the submatrix form (|3.6|), accompanied by an appropriate change of independent 
variables. 

Denote by the minimum value of the positive integers {un}. Consider the eigen- 
value problems for the linear operators c_ and c+. The corresponding characteristic 
polynomial is ( — 1)"^"~P"*(^P — 1)"* giving rise to the characteristic equation 



P 
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Therefore, the spectrum consists of the zero eigenvalue having the algebraic multiplic- 
ity n — pn^ and nonzero eigenvalues being powers of the pth root of unity having the 
algebraic multiplicity each. We also take into account that the spectra of similar 
matrices coincide. 

The eigenvalue problem relations 

C-W^ = e-%, c+Wfi = e% 

are satisfied by the eigenvector^ 

tu/ (tu/ hi/ hu \ 

— I ^,1, • • • , I ■ ■ ■ , T^,p ) 

with 

where constant ria x submatrices Oa. are subject to the conditions 

C-a^a = Ocn+\i C+aOcc+1 = ^a- (5.1) 

Denote by k the rank of the matrix C-. Then we have n — k = dim ker C-. It is clear that 
for the case under consideration k = rank c_ = Yla=i ('^a/'^a+i) ^ P^*- In gen- 
eral, the algebraic multiplicity of an eigenvalue does not coincide with its geometric 
multiplicity, the former is just non less than the latter. To be precise, here we have that 
the algebraic and geometric multiplicities of the nonzero eigenvalues t = * are one 
and the same and equal to for all a = 1,2, ... ,p. Indeed, it can be shown that there 
are no generalized eigenvectors of c_ corresponding to its nonzero eigenvalues, that 

is, no nontrivial eigenvectors of the form W'^ = (c_ — Cp ^In)^p for any fi = 1, 2, . . . , p. 
In contrast, there are nontrivial generalized eigenvectors of c_ corresponding to the 
zero eigenvalue. As a consequence, the algebraic multiplicity of the zero eigenvalue, 
equal ion — pn^ as is seen from the characteristic equation, does not coincide with its 
geometric multiplicity equal ion — k. 

Hence, treating c_ as a matrix of a linear operator acting on an n-dimensional vec- 
tor space V, we see that the latter can be decomposed into a direct sum as 

V=Vq® Vi, 

where Vi is a pn* -dimensional subspace spanned by the T-eigenvectors of C- with 
nonzero eigenvalues, actually, Vi = im c_, and Vq is simply defined to be its orthogo- 
nal complement spanned by the null vectors and generalized null vectors of c_. In this, 
the nuU-subspace spanned by the generalized null vectors has the dimension k — pn^. 

Similar consideration can be given for the matrix C-|- as well. Note also that the 
above decomposition induces the corresponding dual decomposition. 

Now, seeing the structure of the general solution for j// and U/, we can proceed as 
follows. Expand the initial values and u'f over the basis vectors of V, taking into 
account its decomposition: 

P P 

u=l u=l 

^Here is in fact an n x n^, matrix being thus a collection of different eigenvectors of c_ corre- 
sponding to one and the same eigenvalue €p ^ . 
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where Tq is an n x (n — pn^) matrix whose columns are an appropriate collection of 
basis vectors of Vq, the n xn^ matrices Ya are giving basis vectors of Vi as introduced 
earlier, c,;o arid ^i,Q are (n — pn*) x 1 matrices, while Ci^ol arid di^^ are x 1 matrices, 
altogether encoding the initial value data for and y,. Then, in view of the above 
consideration of the properties of the matrices c±, the general solutions to (|4.31|) , (|4.32|) 
take the forms 



V f _ _ _ \ 

yi{z~,z+) = YQqi_{z~)qi+{z+)di^o + Y^exp [v~^e'^^z~ + v,ep''z+ j (5.2) 

^ { - - - \ 

it{z~,z'^) = Yop,_(z")p/+(z+)q,o + Yj 'f'^exp [-}i~^e~'^z~ - me^z'^j Ci^^, (5.3) 



w,(z",z+) = Yop,_(z")p/+(z+)q,o + 

where p/±(z^) and qi±{z^) are (n — pn*) x (n — pn*) matrices with matrix elements 
{Pi±{z^))ab ('?!±(z^))afc/ a,b = 1,2,. . .,n — pn.^, being polynomials in z^ of de- 
grees not greater than k — -pn^. More specifically, these polynomials are such that the 
equations (|4.31|) and (|4.32|) should be satisfied. 

Further, for the submatrices introduced earlier according to the Z-grading structure 
we obtain 

V 

where for convenience we have introduced the notation 

Za(^f) = }il^e~'^z~ + ;M,-eJz+. 

Recalling that Y^^s = Sp^^^ arid passing to quasi-periodic quantities, we find 

+ L vrV;4^"^^^exp(Z_,(vO-Z^(^^-))'rf..('M<5)c;,/3. 

Suppose that the x submatrices 6s are such that 

'9s9s = 0, 

where is one and the same non-degenerate x matrix for all ^ = 1,2, . . .,p. 
Consequently, we have from (|4.28|) 



R.S=-\ 1 - UiV: V; 



,Z_^(y,-)-Z<5(Fy) IP 

where, for sake of brevity, we have used the notation 

cc-l P 
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for this constant (n — pk:^ ) x (n — pfc*) matrix. The relations (|5.2|) , (|5.3|) and (|5.4|) allow 
us to construct general solutions Fa, by (|4.29|) (it should be instructive to compare our 
general solution with the corresponding construction of |24| where the notion of quasi- 
determinants was exploited for the purpose). 



5.2 One-soliton solution 

To construct simplest one-soliton solutions (r = 1) to the Toda equations, we assume 
that the initial data of the system are such that the coefficients are nonzero only for 
one value of the index a, which we denote by I, and the coefficients are nonzero 
only for two values of the index a, which we denote by / and K. Besides, let cq and do 
be zeroU Thus, for Ha. x 1 submatrices of the matrix-valued functions u and y we have 

% = v-^e^Je^-^^^'^%'e^ + v-^efe^-^^''^'dK'ea. 
The matrix is simply a function for this case and is defined by the expression 



^ 1 — }iv~'^ep ' 



+e 



And for the Ua x matrix-valued functions Fa this gives 

7„„ - (1 - ?/v-i4+^)yi^) + rf4(^-^)e^-(-)-^-/(-)(7„, - (1 - ^v-i4+^)yf ^: 



where we have introduced constant idempotent tid x matrices 

(A) _ je^Ci^dA^e^) IA).2 _ y{A) A-JK 



satisfying the relations 



y(/)yW _ yW yWy(/) _ y(/) 



and also the notation 

r_ ^djc@ci 1 - fiv-'^Cp'^^ 
~ 'dj0cjl-^v-^+^' 
The expression for F^ can be rewritten as 



In. - (1 - fiV-V+W^ 



^Note that, essentially unlike the twisted abelian case f23|, keeping these null-eigenspace coefficients 
nonzero here we do not obtain any soliton-like solutions. 
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where 

X. = - (1 - iiv-'el+^)YPy' [in. - (1 - iiv~W+^)Yi''^ 
and we use the notations 

p = K — }, Kp = 2 sin ^ = — ivep i^+J)/^^ ^ = gxp cJ, 

and the function Z in the exponent takes the most familiar form 

With the help of the above properties of the matrices Y^^\ it is not difficult to make 
sure that 

for 

Kj = In, - (1 - iiv-Vp+J)Yi^\ h-] = In. - (1 - ^-ive-('+^))Yy). 
Therefore the transformation 

^aJ-Ht Fa (5.5) 

is a symmetry transformation of the Toda equations (|3.5|) realizing a particular case 
of the simplest WZNW-type symmetry transformation described by the relations (|3.6|) 
with rjjf-a = h(^j, Tj-cc = In.- Similarly, one can use the relations 

to show that also the transformation 

rah/xj > Fix 

is a symmetry transformation of the Toda equations p.5|) corresponding to the trans- 
formations (|3.6|) with rj-a = h~j, rj+oi = In.- 

Now, performing the symmetry transformation (|5.5|) , we write the one-soliton so- 
lution to the equations (|3.5|) as follows: 



In. + 4^e^(^)+'^X, 
l + 4^eZ(0+^~ ' 



with all entries defined above. Using the properties of the idempotent matrices Y^^ , 
we can also rewrite the expressions for the matrices as 

X, = K}K,K = In. + r^ve-^'^^^ ((1 - ^v-i4+^)yy) - (1 - ^v-i4+^)yf ) 

Using (|4.30|) we can also show that 

.1 _ In. + ef^'^Pe^^O+^K 



where 



1 + e(«+i)PeZ(0+^~ 



Here it is obvious that = X~^, and it is not difficult to show that r~^r^ = In.. It is 
worthwhile noting that when = 1, we get Y'i^'' = Y^^^ = 1, so that X^. = e^, while 
X^ = £p ^ , and also d ^ d, and so we recover precisely the abelian case ||22||. 
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5.3 Multi-soliton solutions 

Now, to obtain solutions depending on r linear combinations of independent variables 
we assume that for each value of the index i = 1, . . . , r the matrix-valued coefficients 
c, a are different from zero for only one value of oc, which we denote by Ij, and that the 
matrix-valued coefficients are different from zero for only two values of a, which 
we denote by /, and Kj. And we also use the following slightly simplified notation for 
such nonvanishing initial-data x 1 matrix-valued coefficients: 

Then we have from the equality (|5.4|) that 

1 - ^yv. 'e^ J 

With account of explicit forms of u- ^ and ^i/y the expression for can be written in 
the form 

r. = /.-E{'?r'),(riil + //'e^'^''v«). 

where 

{R'^)^j = D,^-(ve-^^eJ) +4'''e2(^')D,^-(ve-^^eJ) 

and (for A = },K) 



-A, _ Ij' 
Vj £p fij £p 



(cp. with the notation used for the abelian case |22|) and besides, 

(A) 

The idempotent x matrices ■■ satisfy the following remarkable properties: 

(A) (B) ^dB^QCi. (^g^ 

^«,7 = • ^^^^«,/c;' ^z B = ^> (5-6) 

while their tilded counterparts are subject to the relations of simpler forms. 

Further, we can write 

r« = 1> 



detK^, 
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meaning that, according to Leibniz, 



creSr i=l 

and 

o-eSr £=1 

Here is the symmetric group on the set of integers {1,2, ... ,r}, and sgn((r) denotes 
the signature of the permutation cr. 

For sake of brevity, it is also convenient to denote Dy( A) = Dij{vep^, ftCp). Seeing 
that 

detR^ = det D{vep^,pie'p) ■ detR^', 

where 

r 

-J ..^l' 

k=l 

we can also write 



where 



p _ i,j,k=l 

detR;,' 



r 



creSr £=l \ m=l 

Let us introduce a new notation for sake of certain brevity: 

H,jiK,}) = tDMD,H}). 
k=l 



Then we find that 
where 



— ha,} ^ T^, 



and the quantities Ta and Ua x matrices Tf together represent a non-abelian ana- 
logue of the Hirota's T-functions, 

T^oc — 1 ~l~ ^*/' Vi\i2---ii^0L,i\^0L,i2 ■ ■ ■ ^OL,i^' 

i=l 1=1 ii,i2,---Je=^ 

h<i2<.:<ie 

(5.8) 

^ r _ r r ^ 

i=l 1=1 i\,i2,-;i(.=^ 

h<i2<...<k 
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Here we also use our standard notation, coming yet from the abelian case ||22||, 

with the quantities Si defined by 

e^~-^H,= X:D^.,(K)D-1(/), 

k=l 

and the 'soliton interaction coefficients' given by 

£ 

~ ceS^ m=l 

Note that in the abelian case these quantities factorize into pairwise interaction 
coefficients. To be noted also here the relationship with our former notation from [22], 
di = Ha- Finally, the matrices ... are defined as follows: 

where for i = 1 

^ii i,k=l ^ ^ ^ii k=l 

and the higher order quantities are 

E sg'^('^) n Km„,) 

crES( m=l 



X 



+ F F sgn((r)D-i R- ... R- , Y^^\ ) , £ > 2, 

k=\ aeSf 



with being the symmetric group on the set {1, 2, ... , £}, S^^^ the symmetric group 
on the set {;', z'l, Z2, . . . , ie}, everywhere admitting that (r{im) = 
In particular, for i = r, we obtain a remarkably simple equality 



Xa,n...r = K,K = In. - E V^^^^i? 

i,k=l 



and _ 

7i2...r = -j^ = exp ( - E ) detH. 



k=l 
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—1 ~(J) 

We notice that h^ j is a linear combination of Y^ -j, 



i,i=i Viep"-jije^ 

and so, as well as the matrices Xa-,. . ., also the Xq^,. .. can easily be written with the help 
of (|5.7[) just in form of minus certain linear combinations of Y^^j and Y^^j . 



With the help of the relations (|5.1|) and (|5.6|) , (|5.7[) it can be seen that 



Hence, again, as it was the case for the one-soliton solutions, the transformation 

is a symmetry transformation of the Toda equations p.5|) . Consequently, we can write 
the multi-soliton solution to the nonlinear matrix differential Toda equations (|3.5|) as 
the 'ratio' 

— ' 

where the 'numerator' and 'denominator' are given explicitly by (|5.8|) . Observe also 
that for p = n one has = 1 and then X^^i^i^_ j^ turns into e|f'^^'°'^^ '^P'e^ ^ 
one obtains ^a+i/ with 7^ reproducing the Hirota's T-functions for abelian Toda 

systems [22 J. 

It is also useful to have an explicit expression for the inverse mapping, that is 

r" — 1 T^X^^ '-r—1 



Here, the entries of this expression are defined according to the relations (|5.8|l , with 
Xoc,... replaced by 



oc,iii2...i( a,iii2...ie ixj' 



where for £ = 1 we have 

r 



with the quantities F defined similarly to H, only that by means of B, 

k=l 

and for i >2 the other x tioc inverse matrices X~] are 

a"6S/i m=l 



r 



X 



y y s2,n(a)B-]M)Rf f ...f,-,- Y^-^.} 
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Now, to make our construction a little bit more transparent, we add the following 
observation. Let us consider an r x r matrix Aj being explicitly of the form 



A, 



DrrU) J 



That is, one takes the matrix D(/) and simply changes its z'th row by the corresponding 
row of the matrix D{K). Then we can write 

r r 



And, besides, one also has 



i,k=i 



k=l 



detZ\/ 



detD(/) 

In general, for i > 2, introduce the following r x r matrix: 



1112...111 



D^AK) D.,{K) 



DrriJ) J 



Here, similarly to the preceding, we have taken the matrix D(/) and replaced its rows 
Dj^j, Di^j, . . ., Dj^j, for j running from 1 to r, by the corresponding matrix elements of 
D{K). And with the help of the introduced matrices we immediately find out that 



X, 



il,lll2---l( 



E 



i,k=l 



\ iii2--ii;^kj a,ik 



I— I \ ixi2—i('k] ci,]k 



i,k=l 



Also the corresponding inverse matrices X~\ can easily be found by replacing D by B 
in the above construction and putting there the sign + instead of — . 

Note finally that if = 1 some relations simplify, and we recover for them certain 
expressions specific to the abelian case [|22|1. 
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6 Conclusion 



In this paper we have considered the non-abelian Toda systems associated with the 
untwisted loop groups of the complex general linear groups. Developing the ratio- 
nal dressing method, we have constructed multi-soliton solutions for these equations. 
Here, the block-matrix representation of the group and algebra elements, as suggested 
by the Z-gradation, turned out to be most appropriate to the problem under consid- 
eration. The solutions are presented in a form of a direct matrix generalization of 
the expressions obtained earlier for the abelian case [22 J. In particular, the fact of 
non-abelian generalization shows up explicitly through the special matrices ... and 
non-factorability of the 'soliton interaction coefficients' J/fjfj...- 

We have also observed that the reduction to the non-abelian loop Toda systems 
associated with the complex special linear groups can be performed. 

Now, it would be interesting to generalize our consideration to other non-abelian 
loop Toda systems described in the classification of |32ii33|| , that is to Toda systems as- 
sociated with twisted loop groups of general linear groups and twisted and untwisted 
loop groups of the complex orthogonal and symplectic Lie groups. 
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